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A gap 1 cardinal transfer theorem

Luis M. Villegas-Silva∗
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We extend the gap 1 cardinal transfer theorem (κ+, κ) −→ (λ+, λ) to any language of cardinality ≤ λ, where λ
is a regular cardinal. This transfer theorem has been proved by Chang under GCH for countable languages
and by Silver in some cases for bigger languages (also under GCH). We assume the existence of a coarse
(λ, 1)-morass instead of GCH.

c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Morasses have been developed by R. Jensen in order to solve some strong combinatorial problems, like the gap n
transfer theorem of model theory. The proof that a full morass exists in L heavily relies on the fine structure of L.

In [3] a full morass is described through seven axioms. If we only consider the first five of them, we get a so
called coarse morass. The proof of that a full morass exists in L is, of course, a proof of the existence in L of a
coarse morass. But a coarse morass exists in models of ZFE under weaker hypothesis than V = L.

What seems to be more important is that with a coarse morass we are able to prove several combinatorial
results (see [4]) and carry out complicated constructions like the one described in this paper. Coarse morasses
share some of the most important features of full morasses but are easier to use. We shall describe in this paper
the construction of a general structure of cardinality λ+ with a unary relation of cardinality λ, for λ a regular
cardinal. The framework we develop is expected to handle other problems not necessarily of the same nature.

For instance, let κ be a cardinal. AnR-moduleM over a ringR is called κ-torsionless if the cardinality ofR is
less than κ and every submoduleN ofM of cardinality less than κ is torsionless (it can be embedded in a product
of copies of R). We can prove (see [10]) that every κ-torsionless R-module M of cardinality κ, for κ a weakly
compact cardinal, is torsionless. A fundamental question is: does there exist a κ-torsionless R-module which is
not torsionless (R �= Z)? We are able to answer positively this question (see [10]) by using a coarse morass and
a combinatorial principle valid for non compact cardinals, following the construction described in this paper.

We feel that coarse morasses in combination with the square principle are the most likely structures to find
counterexamples of some cases of the selection theorem (see [11, Theorem 1.3, Corollary 1.4, p. 286]) in E-re-
cursion for singular cardinals.

We believe that a coarse morass and the construction described here provide tools which are potentially valu-
able to anyone who pretends to construct structures with particular subsets.

Now we describe the problem in this paper. Let L be a language with at least one unary predicate symbol U .
We say that an L-structure A has type (κ, µ) if A = 〈A,UA, . . .〉 and |A| = κ, |UA| = µ. An L-theory T ad-
mits (κ, µ) if it has a model A of type (κ, µ). We write

(κ, µ)➾(κ′, µ′)

if whenever T admits (κ, µ) witnessed by a model A, T also admits (κ′, µ′) witnessed by a model B and A ≡ B.
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