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ABSTRACT. We extend a classical result in ordinary recursion theory
to higher recursion theory, namely that every recursivalymneerable set
can be represented in any mog@ihy some Horn theory, whef can be
any model of a higher recursion theory, like primitive setumision,a -
recursion, o3-recursion. We also prove that, under suitable conditions,
a set defined through a Horn theory in a®ds recursively enumerable

in models of the above mentioned recursion theories.

1. INTRODUCTION

The study of recursion theory on the ordinals was started dkeiti,
Kripke, Platek, Kreisel and Sacks. Barwise developed aansiie theory
of admissible structures, wheserecursion theory takes place. The analogy
with classical recursion theory has been quite striking. nivitheorems,
especially some about recursively enumerable sets havedueeessfully
extended to all admissible ordinals.

One general program of higher recursion theory is to enlargbft" re-
sults from classical recursion to ordinal recursion theiwrparticular too -
or admissible recursion theory. But there are other kindsgifer recursion
which also draw our attention.

In [JenKar] the authors develop the theory of primitive msote set func-
tions and they give a perfectly good theory of this set of fioms on any
transitive primitive recursively closed class. Some ofgtmeplest results of
ordinary recursion theory can be generalized to the comtieath arbitrary
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primitive recursively closed ordinal. In order to genesalthe deeper theo-
rems it has often been found convenient to impose additioy@dtheses on
the ordinal involved. One of the most popular assumptioasimissibility

Every primitive recursive set function has2a definition in many im-
portant transitive classes, like Godel's constructibleverseL. Actually,
every admissible set is primitive recursively closed. letfadmissibility is
a stronger condition than primitive recursively closednessce an admis-
sible setM can contain numerous primitive recursively closed elesent

In recent years there has been a renewed interest on higlesian the-
ory due, in part, to the need to extend the notion of complityalsee for
example [HaLe0O0], [KoSe09], [Ko07]). Along with this lind thought,
higher recursion theory is still a major place to generakseilts from clas-
sical recursion, which is what we are concerned with.

This paper is devoted to the following matter. In [Smu61],Ullyan in-
troduced an elegant development of ordinary recursionryhesing a kind
of axiomatic system of derivation, the so-callddmentary formal systems
Among other things he proved that "every recursively enaler(r.e.) sub-
set of the natural numbers can be represented by some elmémimal
system". Later on, it has been realized that some resultsgiclProgram-
ming were already obtained in [Smu61] simply because eléangformal
systems are precisely what now is knowrHzsn clause programsGener-
alisations of Smullyan’s result for-ary relations orN can be found in the
literature, see for instance [Doe94] or [Hod93], where theofs are given
using logical programs or models of computing machinepeetsvely.

As we already mentioned one of the first tasks of the higheaurssan
theory was to extend deep results in ordinary recursionryh&ur goal is
precisely to extend Smullyan’s result [Smu61] to highemursmon theory.
For a modern statement of this theorem see [Hod93, Theo@mh, $.480]
and [Doe94]. Moreover our result partially answers questi@) and (3) of
[Fit81, p. 294].

Since the proofs given in [Hod93] and [Doe94] of the cladsiesult rely
on logical programs or models of computing machines, we aahope to
use modified versions of them to verify the result in higheursion. Thus
we are prompted to find a completely new proof.

Actually we are able to extend both directions of Smullyae'sult to
arbitrary primitive recursively closed sets, not only togk which are ad-
missible, and also for some structures involve@irecursion theory.

Now this is a good point to formulate the classical resultmiu8yan:

Theorem 1.1.Let X be an re. set of natural numbers, then there are a
finite languagel (including a unary predicate symbol R, a unary function
symbol s and a constant symif)land a finite Horn clause theory such
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that for every natural number n,
(0) neX & T ER(S'(D)).

Conversely, if X is a set of natural numbers such tha) lfolds for some
first order finite theoryrl', then X is ar.e. set.

So, the first challenge to extend Smullyan’s result to higkeursion is
to incorporate ordinals bigger tham To this end, we have to devise a the-
ory T (Horn too) which allows us to handle bigger ordinals. Thidage in
section 3. In section 4 we introduce admissible structyresyitive recur-
sively closed structures and those useg@irecursion theory. In section 5
we derive the converse direction of our main theorem for @iglkcursion
theories. Finally, in section 6 we establish our main resfdt classical
recursion theory.

2. PRELIMINARIES

In this section we give the basic definitions that we use thinout.
We will work with a finite first order languagé which includesc. We
use the following notation

fiX] ={f(y):yex}.
On is the class of ordinals. Our background theory is ZFC. Witlve

denote the universe of sets.
We begin with the definition of Horn formula.

Definition 2.1. Let £ be a first order language. THeformula ¢ is abasic
Horn formulaif it is of the form

BLA-ABm— U,

where ( is either an atomic formula dialsum L and the6; are atomic
formulas. AHorn formulais a finite (possibly empty) string of quantifiers,
followed by a conjunction of basic Horn formulas. Horn clesigre of the
form

VX]_,“‘ X0,
whereo is a basic Horn formula. A Horn clause theory is a set of Horn
clauses.

We now define the;-formulas for the language of set the@w$T, which
includes only{ e, =}.

Definition 2.2. LetLST be our language. Th&y (= 2o = lp)-formulas of
LST are defined recursively as follows:

(1) Every atomic formula is &q-formula.
(2) If ¢ andy areAp-formulas, so arg A P and—¢.
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