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Abstract. In this paper we examine compactness phenomena in some classes of mod-
ules. We first demonstrate that a κ-projective module M is projective when the size
κ of M is weakly compact. We introduce the class of κ-locally projective modules and
prove that they have the compactness property for R when κ is a singular or a weakly
compact cardinal and R is a PID. In the case when κ is singular, we show that Shelah’s
Singular Compactness Theorem holds for these modules and also for torsionless mod-
ules. We show that for some not weakly compact cardinal κ, compactness does not hold
for locally projective modules. Finally, we prove some compactness properties for U -
torsionless modules, where U is a bimodule, for certain special classes of large cardinals
κ.

1. Introduction

The study of κ-free R-modules, that is, R-modules having the property that “most
submodules” generated by < κ elements are free, has been mainly focused on determining
which pairs consisting of a cardinal κ and a ring R present the compactness property. By
this, we mean to determine if every ≤ κ-generated κ-free R-module is free (in which case
we also say that κ has the compactness property for R). What “most submodules” means
in this definition depends on the kind of ring R we are dealing with. In the case of κ-free
abelian groups, “most submodules” simply means “all subgroups”. However, for modules
over arbitrary rings R, one cannot expect all submodules to be free, so “most submodules”
will stand for a specific family of free submodules, with certain closure properties (see
Chapter 4 of [7] and [20, Section 6, p. 70]).

In this paper, we use these ideas to introduce the class of κ-locally projective mod-
ules, which, by analogy, are those modules having the property that “most submodules”
generated by < κ elements are locally projective.

Locally projective modules constitute a subclass of the flat Mittag-Leffler modules
which were introduced by Raynaud and Gruson [11] as a means to prove that projectivity
is a local property for the fpqc (fidelment plat et quasi compact) topology. These modules
were introduced in [11] as flat strict Mittag-Leffler modules and lie intermediate between
projective and flat modules. Recently [12] this and other related classes of modules have
deserved special attention.

2010 Mathematics Subject Classification. Primary16D80 16B70 16D20 03E55 03E75; secondary 03C20
03C55 03C60.

Key words and phrases. Locally projective modules, weakly compact cardinals, Shelah’s singular car-
dinal Theorem, torsionless modules, U -torsionless modules, strongly unfoldable cardinals.

Some results of this paper were obtained while the third author was visiting The Albert Ludwig Uni-
versity, Freiburg, Germany. He would like to thank its mathematical logic department for the hospitality
during his stay, and he is also grateful to Heike Mildenberger and Jörg Flum for making this visit possible.
This work was partially supported by a CONACYT grant 140 186412 (Estancias sabáticas).
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This paper is structured as follows. In Section 2 we give the definition of a locally
projective module due to Zimmermann-Huisgen [23] and show some connections of this
class of modules with pure and torsionless modules.

We have our first approach with compactness for a singular cardinal λ in section 3.
We show by means of Shelah’s Singular Compactness Theorem that, both, λ-torsionless
modules and λ-locally projective modules satisfy Shelah’s Theorem conditions. That is, λ-
torsionless modules are torsionless and λ-locally projective modules are locally projective
when λ es a singular cardinal such that λ > |R|.

In section 4 we prove that κ-“free” modules of cardinality κ are “free”, where “free”
means projective or locally projective (in this case R is a PID) and also prove the corre-
sponding compactness property for torsionless modules.

In Section 5 we provide a counterexample to show that compactness is not a trivial
property for locally projective modules. We build a κ-locally projective module L for a
cardinal κ which is not weakly compact, such that L is not locally projective. In order
to do this we developed several notions and ideas to adapt an example of Wald [22] to
κ-locally projectiveness. This also proves that “small” large cardinals (the least strongly
inaccessible) do not have the compactness property.

Finally, in section 6 we examine compactness for U -torsionless modules, a natural
generalization of torsionless, where U is an (R, S)-bimodule. In the case of U -torsionless
modules we face some compatibility problems between the size κ of these modules and
the size of U which may be of size larger than κ. So, in order to circumvent these issues
we are led to consider special classes of large cardinals κ like measurable cardinals or the
strongly unfoldable cardinals.

Throughout this work we will let M = MR be a right R-module, where R is an infinite
associative ring with 1.

2. Background on Locally Projective Modules

Locally projective modules appear under different names like flat strict Mittag-Leffler
[11], universally torsionless [9], trace R-modules [17]. It was Zimmermann-Huisgen [23]
who called them locally projective.

Definition 2.1. M is called locally projective if for each epimorphism ϕ : A ։ B, each
homomorphism γ : M // B and each finitely generated submodule F of M , there is a
homomorphism γ ′ : M // A such that γ ↾ F = ϕ(γ ′ ↾ F ).

F

M

A B

γ

ϕ

γ ↾ F

γ ′

γ ′ ↾ F

It is clear that the class of projective modules satisfies Definition 2.1 and a large list of
examples of locally projective modules that are not projective can be obtained from [23,
2.3], so the class of projective modules is a proper subclass of that of locally projective
modules.

We recall the notions of pure submodule and pure closure.
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As above, we show that T |= |M | < κ. We deduce that

T |= ∀m (m 6= 0 → ∃ f(Hom(f,M, j(U), j(R)) ∧ f(m) 6= 0)).

If M were not U -torsionless, we can pick m ∈ M , m 6= 0, such that for any f , if
Hom(f,M, U,R), then f(m) = 0. We express this in T by means of m = j(m) to
conclude

T |= ∀ f(Hom(f,M, j(U), j(R)) → f(m) = 0),

which is a contradiction. ❐

Remark 6.11. In [20, p.70] Rothmaler introduced the notion of κ-Mittag-Leffler module.
There, it is also noticed that κ-Mittag-Leffler modules are Mittag-Leffler for any infinite
cardinal κ. In fact, ℵ1-projective is the same as Mittag-Leffler.
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The arrows indicate direct implications or relative consistency.
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