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ABSTRACT. We prove that for R-modules, κ-“free” implies “free” when κ is a strongly compact or a
strong cardinal, and “free” means projective, locally projective or U-torsionless. When κ is strongly
compact, κ-free implies free for modules over arbitrary rings. When κ is strong, κ-Baer implies
Baer for modules over tame hereditary algebras. Also for κ strong, κ-free implies free for abelian
groups, and as a consequence we provide an Lκ+κ -sentence in the language of the theory of groups
to express when an abelian group is free.

1. INTRODUCTION

An abelian group G is called κ-free if every subgroup of G of size < κ is free. If we attempt to
extend this definition to R-modules, where R is an arbitrary ring, we can face a serious difficulty,
like not having any free proper submodules: when the cardinality of R is ≥ κ or because of the
absence of the Schreier property. One overcomes this obstacle by giving a suitable definition of
κ-free. In general, we can define κ-“free” R-modules, where “free” can be some suitable class of
modules other than that of free modules. The research on κ-“free” R-modules, that is, R-modules
having the property that most submodules generated by < κ elements are “free”, has proved to be
a very fruitful approach using set theoretical tools to study some classes of modules. In particular,
we are concerned with determining when a κ-“free” module is, in fact, “free”. In the case of κ-
free abelian groups, “most submodules” means all subgroups of size < κ . In the general case of
R-modules, “most submodules” will stand for a specific family of “free” submodules of cardinality
< κ , with certain closure properties (see Chapter 4 of [EkMe02]). We will consider the classes of
torsionless, U -torsionless, free, Baer, projective and locally projective modules as “free”.

This article serves two fundamental purposes. To examine such classes of R-modules from the
very large cardinals perspective and to examine these large cardinals from the perspective of those
classes of modules. The large cardinals we will consider are the strongly compact and the strong
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ones. Both of them are in the upper level of the large cardinals hierarchy. A supercompact cardinal
is strongly compact and strong, but there is not a known relationship between strongly compact and
strong. For instance, strongly compactness does not imply strongness since the least measurable
cardinal can be strongly compact and strong implies measurable, but the first measurable κ is not
even (κ +2)-strong. The order given by “belonging to the class A implies belonging to the class B”
becomes highly unpredictable at this level of the hierarchy.

We provide some known relationships (see [Go22], [Je08] and [Ka09]) between “similar” cardi-
nals in terms of their largeness: superstrong, strong, Woodin and strongly compact. If there exist
superstrong and strongly compact cardinals, the least superstrong is less than the least strongly
compact. If κ is superstrong, κ is Woodin. In fact, there are κ Woodin cardinals below κ . Ev-
ery supercompact cardinal is Woodin and below a Woodin cardinal δ , we find δ cardinals that are
λ -strong for each λ < δ .

Another way to compare classes of large cardinals is through consistency strength. A class A of
large cardinals is consistencywise stronger than a class B (A ≥ B) if the consistency of the system
ZF+A implies the consistency of ZF+B. These are relative consistencies over the system ZF. By
definition, strong cardinals lie below supercompact cardinals and above measurable cardinals in
the consistency strength hierarchy. Concerning the consistency strength of the strongly compact
cardinals, let us consider the following: it is proved in [St05] that if ✷κ fails and κ is a strong limit
singular cardinal then AD holds in L(R). Solovay showed that if κ is strongly compact, ✷µ fails
for large enough µ so that strongly compact implies ADL(R). In [La01, Lemma 2.5.21] it is shown
that if κ is strongly compact, there are many γ < κ such that if G is V -generic for the full stationary
tower P<δ , then there is an elementary embedding j : V →֒ W in V [G] such that crit( j) < γ and
j(crit( j)) < γ and M<γ ∩V [G] ⊆ M. [St96, Theorem 7.1] assures that if a given forcing of size
less than a measurable κ adds such an elementary embedding, then Vκ has an inner model with a
Woodin cardinal. This short story serves to illustrate the complex interrelationships between these
classes of large cardinals. However, there is not a clear evidence about a relationship between the
consistency strength of strong and strongly compact cardinals.

A relevant problem in the model theory of modules is that of the definability of classes of mod-
ules in the first order logic Lωω in the language of the theory of modules. For instance, the class
of the torsion R-modules is not definable in that logic and, also, many other classes of modules are
not definable. That prevents us from using the tools from model theory to study those R-modules.
However, the mere fact of knowing the existence of a set of sentences that define a class, not even
knowing exactly what those sentences are, offers great benefits to the use of model theory. The
classes that are not Lωω -definable can be definable in an infinitary logic Lλκ or in some other
abstract logics.

At the end of this paper we will show that for abelian groups and κ strong, κ-free implies free.
This fact allows for the definability of the class of free abelian groups in L∞κ ([Me76] obtained a
similar result for κ strongly compact). We obtained that κ-“free” implies “free” for other classes
of R-modules when κ is a strongly compact or a strong cardinal.

Moreover, the specific proofs throw light on the similarities and differences among those classes
of large cardinals. So, for instance, the use of ultrapowers given by extenders (for strong cardinals)
allows us to recreate to a certain extent the compactness of the strongly compact cardinals. The
use of infinitary languages (for strongly compact cardinals) provides us of information about other
classes of modules that could be definable in some abstract logic.

We can now summarize the content of this work. When κ is a strong or a strongly compact cardi-
nal, we prove that κ-“free” implies “free”, where “free” means locally projective and U -torsionless
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(torsionless). When “free” means projective, we prove that the direct limit of a κ-directed system
of projective modules is projective, from which it follows that κ-projectiveness implies projective-
ness. When κ is strongly compact, we prove that all κ-free modules of any size are free, whereas
for strong cardinals we still are unable to prove this result. This is a remarkable difference in our
context between strong and strongly compact cardinals. When κ is strong and R is a tame heredi-
tary algebra, we prove that a κ-Baer R-module is Baer. Finally, it is known that κ-free implies free
when κ is a strongly compact cardinal. We prove the same result for κ strong. As a corollary, we
show the Lκ+κ -definability of being a free abelian group.

If κ is a weakly compact cardinal, κ-free, κ-locally projective, κ-U -torsionless and κ-projective
modules are studied in [EkMe02], [FuSa01] and [NiSaVi20], where it is proved that a κ-“free”
module of size κ is “free”.

Throughout this paper R denotes a ring, and all modules, unless otherwise stated, will be left
R-modules. Whenever we require M to be torsion-free, we will assume R is a Noetherian integral
domain.

About notation: if f : X //Y , then for any A ⊆ X and B ⊆ Y let f [A] = { f (a) : a ∈ A} and
f−1[B] = {x ∈ X : f (x) ∈ B}. The theories ZF−, ZFC− represent ZF , respectively ZFC, without
the power set axiom, where the Axiom of Choice is expressed as the statement: for every set x there
exist an ordinal γ and a bijection b : x // γ . The notation f : A ↔ B means that f is a bijection
between A and B, and f : A ։ B that f is onto.

We shall use the following notions in the rest of the paper (see [HeTr12]).

Definition 1.1. Let M be an R-module and κ be an uncountable regular cardinal. A directed system
S of R-submodules of M is a κ-dense system in M if

(i) every subset of M of cardinality < κ is contained in an element of S; and
(ii) S is closed under unions of well-ordered chains of length < κ .

Definition 1.2. (i) We say that an R-module M is < κ-generated (resp. ≤ κ-generated) if it has
a generating set of cardinality < κ (resp. ≤ κ). A κ-generated module is similarly defined.

(ii) Let C be a class of R-modules. If κ is an uncountable regular cardinal, we say an R-module
M is a (κ ,C)-module, if there is a κ-dense system S ⊂ C in M consisting of < κ-generated
modules.

(iii) An R-module M is κ-“free” if there is a class C of R-modules such that M is a (κ ,C)-module.

Definition 1.3. A κ-directed set (I,≤) is a poset in which every subset of cardinality less than κ
has an upper bound, that is, if J ⊆ I with |J| < κ , then there exists k ∈ I such that j ≤ k for every
j ∈ J.

Definition 1.4. Let (I,≤) be a κ-directed set, {Mi : i ∈ I} a family of R-modules and {σi j : i, j ∈
I, i≤ j} a family of R-homomorphisms σi j : Mi

//M j. We say that (Mi,σi j) is a κ-directed system
of R-modules over I if

(1) each σi j : Mi
//M j is a monomorphism for i ≤ j.

(2) σik = σ jk ◦σi j if i ≤ j ≤ k.

Definition 1.5. Let D=(Mi,σi j) be a κ-directed system of R-modules over I. The direct limit of the
system D is an R-module M together with R-monomorphisms σi : Mi

//M such that σi = σ j ◦σi j

if i ≤ j and for every m ∈ M there are i ∈ I and mi ∈ Mi such that σi(mi) = m.

For a proof of the existence of the direct limit see [Ho93] 50-52.
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We have dealt with the case of abelian groups. The case of R-modules requires the notion of a
κ-dense system. The treatment of these systems demands novel techniques and results, which will
appear in a forthcoming paper.

4. OPEN PROBLEMS AND REMARKS

1. Is it possible to prove Corollary 2.20 for strong cardinals and arbitrary infinite rings? Or even
for arbitrary domains?

2. Assume that κ is a measurable cardinal and that µ > κ , but µ is not weakly compact. Let M

be a κ-locally projective (κ-torsionless) R-module of size µ , where |R|< κ . Is M locally projective
(torsionless)? What happens if µ is a limit of weakly compact cardinals?
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