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ABSTRACT. This paper deals with “freeness” properties for some classes of modules, relative to
large cardinals. We study large and smallR-modules. For large modules, we consider very large
cardinals, and for small modules, we use subtle cardinals together withV = L.

1. INTRODUCTION

An abelian groupG is calledκ-free if every subgroup ofG of size< κ is free. If we attempt to ex-
tend this definition toR-modules, whereR is an arbitrary ring, we can face a serious difficulty, like
not having any free proper submodules. For instance, when the cardinality ofR is ≥ κ or because
of the absence of the Schreier property. We overcome this obstacle by giving a suitable definition
of κ-free. In general, we can defineκ-“free” R-modules, where “free” can be any common class of
modules other than free modules. The research onκ-“free” R-modules, that is,R-modules having
the property that most submodules generated by< κ elements are “free”, has proved to be a very
fruitful set-theoretical tool to study some classes of modules. In particular, we are concerned with
determining when aκ-“free” module is, in fact, “free”. When this happens, we call it the “free-
ness” property. What “most submodules” means in this definition depends on the kind of ringR
we are dealing with. In the case ofκ-free abelian groups, it simply means “all subgroups”. How-
ever, for modules over arbitrary rings, “most submodules” will stand for a specific family of “free”
submodules, with certain closure properties (see Chapter 4of [7]). We will consider the classes of
torsionless,U -torsionless, free, projective and locally projective modules as “free”.

We study two pairs of classes of large cardinals, namely, strong and strongly compact, and
weakly compact and subtle cardinals. The first pair are located on the top of the diagram of large
cardinals (which can be found on page 24), while the second pair can be found on the bottom part.
Weakly compact and strongly compact cardinals yield certain degree of compactness in infinitary
logic. Moreover, numerous equivalent formulations in terms of ultrafilters or combinatorial formu-
lations stem from this fact. Subtle cardinal, in turn, recreate the diamond principle and have no
evident relation with the weakly compact cardinals, exceptfor the fact that it is known that the least
subtle cardinal cannot be weakly compact. The absence of compactness in one of those classes
forced us to develop radically different methods to work on them separately, namely, we must build
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a rather sophisticated contraption under the hypothesisV = L in order to work with subtle cardi-
nals.κ-free andκ-projective modules forκ a weakly compact cardinal were studied in [7] and [9],
where it is shown that ifκ is weakly compact, then aκ-“free” module of sizeκ is “free”, whenκ is
not weakly compact and the ring is not left perfect there is a counterexample. We instead consider
subtle cardinals and left perfect rings to carry out this construction.
This setting allowed us to establish results for subtle cardinals, which are impossible to obtain for
weakly compact cardinals by changing the class of rings at issue. Strong cardinals allow an inter-
esting characterization in terms of extenders and neither present a known relation with the strongly
compact cardinals. Through the use of extenders we manage torecreate the results obtained for
strongly compact cardinals. We have divided this article according to the “size” of modules: large
ones correspond to strongly compact or strong cardinalities, while small ones correspond to subtle
cardinalities.

We studyκ-“free” for different large cardinalsκ , namely, strongly compact, strong and subtle
cardinals. In particular, we continue to study the class ofκ-locally projective modules, which were
introduced in [20]. We prove that for a strongly compact cardinal κ , κ-locally projective modules
are locally projective.

Then we turn to small modules. We succeed in proving the “freeness” property for subtle cardi-
nalsκ underV = L for several classes of modules:κ-locally projective,κ-free,κ-torsionless and
κ-projective modules. To this end, we build a so calledκ-mire which is kind of like a morass, but
weaker.

In Section 2 we tackle the case of modules of large cardinality. In Section 4, we construct inL a
κ-mire which will be used in Section 5 to confirm the “freeness”property of certain small modules.

Throughout this paperR denotes a ring, and all modules, unless otherwise stated, will be left
R-modules. Whenever we requireM to be torsion-free, we will assumeR is a Noetherian integral
domain.

About notation: if f : X //Y, then for anyA ⊆ X andB ⊆ Y let f [A] = { f (a) : a ∈ A} and
f−1[B] = {x∈ X : f (x) ∈ B}. The theoriesZF−, ZFC− representZF, respectivelyZFC, without
the power set axiom, where the Axiom of Choice is expressed asthe statement: for every setx there
exist an ordinalγ and a bijectionb : x // γ. The notationf : A ↔ B means thatf is a bijection
betweenA andB, and f : A։ B that f is onto.

We shall use the following notions in the rest of the paper (see [10]).

Definition 1.1. Let M be anR-module andκ be an uncountable regular cardinal. A directed system
Sof R-submodules ofM is aκ-dense system in Mif

(i) every subset ofM of cardinality< κ is contained in an element ofS; and
(ii) S is closed under unions of well-ordered chains of length< κ .

Definition 1.2. (i) We say that anR-moduleM is < κ-generated(resp.≤ κ-generated) if it has
a generating set of cardinality< κ (resp.≤ κ). A κ-generatedmodule is similarly defined.

(ii) Let C be a class ofR-modules. Ifκ is an uncountable regular cardinal, we say anR-module
M is a (κ ,C)-module, if there is aκ-dense systemS⊂ C in M consisting of< κ-generated
modules.

(iii) An R-moduleM is κ-“free” if there is a classC of R-modules such thatM is a(κ ,C)-module.

2. STRONGLY COMPACT CARDINALS AND MODULES

Let L be a first order language. For each infinite cardinalα we will denote byLαω(L ) or
justLαω the infinitary language defined allowing the formation of conjunctions and disjunctions of
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sets of formulas of size less thanα. If A,B areL -structures,A ≡αω B means that anLαω (L )-
sentenceϕ holds inA if and only if it holds inB. A corresponding definition holds forA4αω B.

We recall that a cardinalκ is weakly compact when for any first order languageL and each
setΣ of size not greater thatκ of Lκω(L )-sentences the following holds: if every subset ofΣ of
cardinality less thanκ has a model, thenΣ has a model.

A stronger notion of compactness is the notion of strongly compactness. The cardinalκ is
strongly compactwhen for every first order languageL and any setΣ ⊆ Lκω(L ), if every subset
of Σ of size less thanκ has a model (i. e.Σ is κ-satisfiable), thenΣ has a model, whereΣ can be
arbitrarily large.

If M is a set of cardinality≥ κ andI = [M]<κ , for eachX ∈ I , let X̂ = {Y ∈ I : X ⊆ Y} be the
coneof X, and letF be the filter inI generated by all cones, i. e.

F= {Z ⊆ I : ∃X ∈ I(Z ⊃ X̂)}.

Whenκ is a regular cardinal,F is a κ-complete filter. Afine measureU in I is a κ-complete
ultrafilter onI that extendsF; soX̂ ∈ U for anyX ∈ I .

Theorem 2.1.The following are equivalent for a regular cardinalκ .

(1) Let S be a set. Everyκ-complete filter on S can be extended to aκ-complete ultrafilter on
S.

(2) If A is a set of size≥ κ , there is a fine measure on[A]<κ .
(3) κ is strongly compact.

Proof. See [11, Lemma 20.2]. ❐

2.1. κ-Locally Projective Modules. We examine ultraproducts moduloκ-complete ultrafilters.
We remind the reader that an ultrafilterU is κ-completeif and only if for everyλ < κ , if

⋃

{Uα :
α < λ} ∈U , there is anα < λ such thatUα ∈U . In particular, this is valid if

⋃

{Uα : α < λ}= κ .
Our major concern is ultraproducts of locally projective modules.

We take the following statement as our definition of locally projective module (in [20] there is a
lengthy discussion of this class of modules, and several characterizations). LetR be a domain. An
R-moduleM is calledlocally projectiveif for eachm∈ M, there arex1, . . . , xn ∈ M and f1, . . . ,
fn ∈ M∗ such that

m=
n

∑
j=1

f j(m)x j .

We denote the class of all locally projectiveR-modules byLp.
Two notions play a role in the study of locally projective modules; those ofpure submoduleand

pure-closure.

Definition 2.2. A submoduleN of M is called apure submodule, in symbolsN ≤∗ M, if and only
if for every finite system (S ) of R-linear equations in the variablesx1, . . . ,xm with a1, . . . ,an ∈ N
of the form

(S )
m

∑
j=1

r i j x j = ai

the following holds: (S ) has a solution inN whenever (S ) has a solution in M. IfM is a torsion-
freeR-module andX is a subset ofM, the smallest pure submodule ofM containing the submodule
〈X〉 generated byX is called thepure-closureof 〈X〉 and is denoted by〈X〉∗.
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6. OPEN PROBLEMS AND REMARKS

1. In Section 5, the compactness theorems related to subtle cardinals are proven using aκ-mire
andV = L. Is it possible to prove these theorems if we only assume the existence of theκ-mire?

2. Assume thatκ is a subtle cardinal and that there are infinitely many weaklycompact cardinals
less thanκ . Is κ weakly compact?

3. Assume thatκ is a measurable cardinal and thatλ > κ , butλ is not weakly compact. LetM
be aκ-locally projective (κ-torsionless)R-module of sizeλ , where|R|< κ . IsM locally projective
(torsionless)? What happens ifλ is a limit of weakly compact cardinals?

Large Cardinals

Supercompact

Strong Strongly Compact

Measurable

V = L V = L

Ineffable

Almost Ineffable

SubtleUnfoldable

Strongly Unfoldable Totally Indescribable

Weakly Compact

−−−− ≡ Equiconsistency
Ethereal

Mahlo

Inaccessible

Weakly Inaccessible
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